The general second-order massive field equations for arbitrary positive integer spin in three spacetime dimensions, and their "self-dual" limit to first-order equations, are shown to be equivalent to gauge-invariant higher-derivative field equations. We recover most known equivalences for spins 1 and 2, and find some new ones. In particular, we find a non-unitary massive 3D gravity theory with a 5th order term obtained by contraction of the Ricci and Cotton tensors; this term is part of an N = 2 super-invariant that includes the "extended Chern-Simons" term of 3D electrodynamics. We also find a new unitary 6th order gauge theory for "self-dual" spin 3.
Introduction
A peculiar feature of relativistic gauge field theory in three spacetime dimensions (3D) is that the particles associated with the gauge field may be massive even if the gauge symmetry is unbroken. In the well-known examples, such as "topologically massive electrodynamics" (TME) [1] [2] [3] [4] or "topologically massive gravity" (TMG) [5] , the nonzero mass arises because of some parity-breaking topological term in the action, but the recent example of "new massive gravity" (NMG) [6] demonstrates that the phenomenon is more general than had previously been thought; NMG is a generally covariant and parity preserving theory for interacting massive spin 2 particles with two polarization states of helicities ±2. An obvious question is whether there are other massive 3D gauge theories waiting to be discovered, and whether there is some systematic way of finding them. The main purpose of this paper is to show how gauge theories describing massive particles of integer spin may be found in a systematic way starting from standard second-order (or sometimes first-order) free field equations. Along the way we will recover a number of known gauge theory models, but we will also find a few new ones of interest.
Let us first recall the Fierz-Pauli (FP) field equations [7] for a symmetric rank-s tensor field describing massive particles of integer spin s on a four-dimensional Minkowski spacetime (with 'mostly plus' signature): The differential subsidiary condition is needed for positivity of the energy (and hence unitarity) and the tracelessness condition is needed to avoid the propagation of lower spin modes; see e.g. [8] . The same equations may be used if the Minkowski spacetime is 3-dimensional, and in this case they may be rewritten as [P(m)P(−m)] µ 1 ρ φ ρµ 2 ···µs = 0 , η µν φ µνρ 1 ···ρ s−2 = 0 , (
where the operator
is an on-shell projection operator: P 2 (m)φ = P(m)φ if φ satisfies (1.2).
( 1.4) Note that the equations (1.2) imply the differential subsidiary condition, and that the tensor P(m)P(−m)φ is symmetric on its s indices as a consequence of the subsidiary conditions. The operator P projects onto modes of helicity ±1 within the space of divergence-free vector fields satisfying the mass m wave equation (the sign depending on the sign of m) and hence onto modes of helicity ±s when acting on the rank-s symmetric tensor φ. The equations (1.2) therefore propagate one mode of helicity s and another of helicity −s, both with mass m. These are the two helicity states of a massive particle of spin s in three spacetime dimensions. Actually, each helicity state yields an irreducible induced representation of the 3D Poincaré group but a parity preserving theory of spin s must propagate both helicities ±s with the same mass because parity flips the sign of the helicity.
There is a generalization of the 3D FP equations (1.1) that breaks parity. Consider the following equations for independent positive masses m ± :
[P(m + )P(−m − )] µ 1 ρ φ ρµ 2 ···µs = 0 , η µν φ µνρ 1 ···ρ s−2 = 0 . The subsidiary conditions are unchanged (as long as m 2 = 0) and these imply that the right hand side of (1.6) is symmetric in its s free indices. We may assume without loss of generality thatμ ≥ 0, and take the limit thatμ → ∞ for fixed µ ≡ m 2 /μ , (1.8) which implies that m 2 → ∞. Equivalently, we take m − → ∞ for fixed m + . In this limit the helicity −s mode decouples and we have a single mode of helicity s and mass µ described by the first-order equation P(µ) µ 1 ρ φ ρµ 2 ···µs = 0 , η µν φ µνρ 1 ···ρ s−2 = 0 .
(1.9)
The differential subsidiary condition is again implied. Following the terminology introduced for the spin 1 case in [9] and subsequently used for the spin 2 case in [10] , we shall call this the "self-dual" theory of a spin s particle of mass µ in 3D; the arbitrary spin case was studied in [11] .
We will show how these various sets of equations for a rank-s tensor φ may be replaced, in two different ways when s ≥ 2, by equations for a rank-s gauge potential. The method was first used for s = 2 in [12] and we will shortly summarize the results obtained there. It also applies for s = 1, in which case the FP equations become the Proca equations; we shall use the notation B in place of φ for the Proca vector field. Although this case is too simple to fully illustrate the method, it is a good starting point. Specifically, let us start from the self-dual spin 1 model, for which the (unitary) action is
One may easily verify that the field equation is 11) and that this implies the differential subsidiary condition ∂ · B = 0, which has the following general solution in terms of a gauge potential A, defined up to a Maxwell gauge transformation:
When this is used in (1.11), we find the new equation
which is the equation of motion of TME:
This establishes on-shell equivalence of the self-dual and TME theories; i.e. the equivalence of their field equations. Off-shell equivalence then follows because we are free to choose the sign (and have done so) such that the TME action is also unitary; in other words, the one propagated mode is physical, rather than a ghost.
We should stress that the equivalence of the self-dual and TME theories is not a new result; the off-shell equivalence was proved in [13] by means of a "master action". It was also observed in [13] that the equations of TME are those of the self-dual model with A →F (A), but the on-shell equivalence does not follow from this fact alone because the same replacement applied to TME yields the inequivalent equations of "extended topologically massive electrodynamics" (ETME) [14] , as we review in section 2. In contrast, the procedure of solving subsidiary conditions manifestly yields equivalent equations, although there is no guarantee that the corresponding actions are equivalent because it may be that the new action is not unitary. This point is well illustrated by the the 3D Proca theory for a spin 1 particle of mass m: the field equations are
Solving the subsidiary condition as before, we arrive at the "extended Proca" (EP) equation ( − m 2 )F µ = 0, which is derivable from the following action containing the "extended Chern-Simons" (ECS) term introduced in [14] 
By construction, this model is on-shell equivalent to Proca, and this implies the propagation of two modes of mass m, one with helicity +1 and the other with helicity −1.
However, the on-shell equivalence to Proca does not extend to an off-shell equivalence because one of the two helicity modes propagated by the EP theory is a ghost, as we show later. We believe that this clarifies the very brief discussions of this model in [14, 15] , where it was merely observed that it leads to "massive propagation of the field strength".
Moving on to spin 2, let us apply the analogous 'trick' to the self-dual spin 2 model with field equations
In other words, we solve the differential subsidiary condition ∂ µ φ µν = 0 that these equations imply. The general solution involves a second-order differential operator because the symmetry of φ µν means that it is divergence-free in both indices if it is divergence-free in one (as the subsidiary condition says it is). In fact, the general solution is
for some symmetric tensor potential h µν . The matrix operator G is the "Einstein operator" in the form introduced in [6] ; the terminology comes from the fact that G
µν is the linearization of the Einstein tensor for the metric g µν = η µν + h µν . The self-dual field equation of (1.17) now becomes 19) but the second of these is implied by the first, which is the linearized limit of the field equation of "topologically massive gravity" (TMG): 20) where |g| = − det g for metric tensor g. The tensor G is the Einstein tensor and C is the Cotton tensor, the 3D analog of the 4D Weyl tensor. The TMG action is the sum of a Lorentz Chern-Simons (LCS) term, the variation of which is proportional to the Cotton tensor, and a 'wrong sign' Einstein-Hilbert (EH) term (i.e. with the sign opposite to the usual one; the sign itself is convention dependent). TMG is unitary despite the fact that the LCS term is 3rd order in derivatives because one may choose the overall sign of the action such that the one propagating mode is physical, rather than a ghost; this fixes the sign of the EH term. We should again stress that the equivalence of linearized TMG to the self-dual spin 2 theory is not a new result. It was proved by a 'master action' method in [10] , where the first-order self-dual spin 2 model was introduced 2 .
We can repeat the above procedure for the FP spin 2 theory itself, and its 'generalized' version, and this was done in [12] . The resulting 4th order equations are the linearized equations of "new massive gravity" (NMG) and its extension to "generalized massive gravity" (GMG) [6] . NMG has the action
2 Linearized TMG was also proved to be equivalent to a second-order self-dual model in [16] ; this action is the m 2 → 0 limit of the action (3.1) to be considered below. The equivalence of all three spin 2 models was made manifest in [17] , and a simplified version of this 'triple' equivalence was presented in [6] . For an earlier overview of spin-2 equivalences, with an emphasis on implications for interactions, see [18] .
where R µν is the Ricci tensor and R the Ricci scalar. GMG has, additionally, an LCS term with coefficient 1/µ, so one recovers NMG in the limit µ 2 → ∞ for fixed m and TMG in the limit m 2 → ∞ for fixed µ. For NMG, this proof of linearized equivalence with FP is closely analogous to the proof presented above that extended Proca is onshell equivalent to Proca. That analogy, and the fact that we now have 4th order field equations, might lead one to expect one of the two spin 2 modes of NMG to be a ghost. Remarkably however, NMG is unitary. This was originally shown by an auxiliary field method that allows one to pass directly from the linearized NMG action to the unitary FP action [6, 19] ; the absence of ghosts was subsequently confirmed by a canonical analysis [20] . The auxiliary field method does not seem to be as useful in the GMG case but the absence of ghosts in this case was demonstrated by canonical methods in [12] .
The method that we have now illustrated for spin 1 and spin 2 can be extended further in the spin 2 case [12] : we may solve both the differential subsidiary condition and the algebraic tracelessness condition simultaneously by writing 22) where the symmetric tensor potential h is now defined up to a linearized diffeomorphism and a linearized Weyl transformation. If this is used in the self-dual equations (1.17), one finds 4th order equations that are the linearization of the equations obtained from GMG by omitting the EH term. This model was called "New Topologically Massive Gravity" (NTMG) in [12] ; by construction, it is equivalent to the spin 2 self-dual model, as a canonical analysis confirms. The same model was studied independently in [21] .
Solving both subsidiary conditions for the generalized FP theory yields 5th order equations that also have an obvious non-linear generalization; the 5th order term in the action is obtained from the contraction of the Ricci tensor with the Cotton tensor. Another purpose of this paper is to investigate this new spin 2 field theory. Let us recall here that the Cotton tensor C µν can be be written in terms of the 3D Schouten tensor S µν as follows
Thus, we find ourselves having to consider a contribution to the Lagrangian density of the form
The Schouten tensor has an interpretation as a gauge potential for "conformal boosts", so we see that the new 5th order term is a type of Chern-Simons term. We shall call it the "extended Lorentz Chern-Simons" (ELCS) term because it is analogous to the ECS term of electrodynamics. Indeed, we find that the ELCS term leads to ghosts in exactly the same way as does the ECS term.
This result is nicely explained by the N = 2 supersymmetric extension of 3D gravity models with an ELCS term. The N = 2 supersymmetric extension of linearized GMG was presented in [12] ; it unifies this 4th order 3D gravity theory with the 2nd order theory for massive spin 1. Here we show that the inclusion of the ELCS term in the gravity sector implies the inclusion of the ECS term in the electrodynamics sector, because both are part of a single N = 2 off-shell supersymmetric invariant. In addition, we obtain in this way a similar result for spin 3/2; one that is of course already implicit in the N = 1 supersymmetric extension: the inclusion of the ELCS term (1.24) implies the addition to the Lagrangian density of a 4th order term of the form
where C µ is the 'gamma-traceless' Cottino vector-spinor super-partner of the Cotton tensor [22, 23] , andC µ is its Majorana conjugate (we suppress spinor indices); upon linearization [12] ,
where ψ µ is the anti-commuting Majorana Rarita-Schwinger (RS) vector-spinor potential. Obviously, the term (1.25) must lead to spinorial ghosts because they are needed to complete the on-shell ghost particle N = 1 supermultiplets implied by the existence of spin 2 ghosts.
Although it is far from clear how one might introduce interactions consistent with higher-spin gauge invariances, it is of interest to consider how the procedure that we have been outlining for spins 1 and 2 generalizes to higher spins, and one purpose of this paper is to present some details of the application to spin 3. Obvious questions are whether there are analogs of the linearized TMG, NMG and NTMG actions for spin 2. A spin-3 analog of TMG was proposed in [24] but this was based on the assumption (standard for 4D [25] ) that the symmetric-tensor parameter of the spin-3 gauge transformation should be traceless. This allows the construction of a 2nd order analog of the linearized Einstein tensor, and hence a 3rd order TMG-like action, but this action was shown in [24] to propagate a spin-1 ghost in addition to the desired spin-3 mode. Our method leads naturally to a 3rd order analog of the Einstein tensor, and hence to a 4th order analog of TMG; although we present only the field equations of this topologically-massive spin-3 theory (the action likely requires auxiliary fields) we confirm that it propagates a single spin-3 mode. There is also a natural spin-3 analog of linearized NMG but, as in the spin-1 EP case, it propagates one of the two spin-3 modes as a ghost. Finally, we derive the spin-3 analog of linearized NTMG, off-shell as well as on-shell. This is a 6th order field theory that is both unitary, as we confirm by a canonical analysis, and propagates a single spin-3 mode.
The organization of this paper is straightforward: we proceed sequentially through spins s = 1, 2, 3. There is not much left to say about spin 1, but we complete the job in section 2. In section 3 we focus on the new 5th order spin 2 theory, and we show how N = 2 supergravity combines the 3rd order ECS term of 3D electrodynamics with the linearization of the 5th order ELCS term for spin 2. We then adapt the procedure to spin 3 in section 4; this involves the introduction of 3D analogs of the Einstein and Cotton tensors. We summarize in section 5 and include a brief discussion of higher spins and other possible generalizations.
Higher-derivative 3D electrodynamics
We will now complete our discussion of spin 1 models by considering the generalized Proca theory with action
The field equation is
This propagates the helicity +1 mode with mass m + and the helicity −1 mode with mass m − . One may verify that the Hamiltonian density is positive definite, so these modes are propagated unitarily. Taking m − → ∞ for fixed m + (orμ → ∞ for fixed µ = m 2 /μ) yields the self-dual model, while setting m + = m − , i.e.μ = 0, leads to the paritypreserving Proca model. We have already seen how these special cases are equivalent to, respectively, TME and the non-unitary EP theory of (1.16). We now consider the generic case.
Solving the subsidiary condition ∂ · B = 0 as in (1.12), we arrive at the equation
This equation follows from the action
This is the generic "three-term" electrodynamics model considered in [14] . We have now established the on-shell equivalence of this model to (2.1) and this gives us the helicity content, which was not worked out in [14] . However, there is no guarantee of off-shell equivalence.
Following [14] , but choosing the gauge ∂ i A i = 0, we may decompose the vector potential as follows:
The action (2.4) now reduces to
The TME limit is one in whichμ → ∞ for fixed µ ≡ m 2 /μ, which implies that m 2 → ∞ too. In this limit, ψ is auxiliary and can be eliminated to yield a unitary action for φ that propagates a single mode of mass µ. Settingμ = 0 gives us the EP model that is on-shell equivalent to Proca; this model should therefore propagate two modes of mass m, and this is clearly the case. However, it follows from the obvious diagonalization of the action whenμ = 0 that one mode is physical and the other a ghost.
Whenμ is neither zero or infinity, we may define new variables (U, V ) by
to arrive at the action
We see that there is a ghost, in agreement with [14] . The Hamiltonian can be diagonalized and the ghost decoupled by taking its mass to infinity, but this just leads back to TME. Thus, the addition of an ECS term to a TME action, which by itself propagates a massive mode of helicity ±1, leads to a modification of the mass of this TME mode and the propagation of an additional massive ghost mode of helicity ∓1.
The focus of [14] was the "extended topologically massive electrodynamics" (ETME) model with action
Compare this to the TME field equation
We see that the ETME equation is obtained from the TME equation by replacing the gauge potential by its field strength. One might think that this implies their equivalence since a zero potential implies a zero field strength, and a zero field strength implies a pure-gauge potential, which is effectively zero in the context of a gauge theory such as TME. However, they are not equivalent: by setting m 2 = 0 in (2.8), one sees that ETME propagates a massless mode in addition to a massive one [14] . The overall sign is such that the massive mode is a ghost but we could change the sign to make this physical, in which case this 'reversed' ETME would differ from TME by the additional propagation of a massless ghost. What we wish to emphasize here is that the procedure of replacing a field by its field strength is not one that invariably leads to equivalent field equations. There is no contradiction with our procedure of solving subsidiary conditions for the simple reason that TME has no subsidiary conditions.
Higher-derivative 3D gravity
For spin 2, we start by considering the following action for a tensor field e µν of no definite symmetry: 18) . Note that G is, by definition, symmetric in both index pairs; as a consequence, only the symmetric part of e µν enters into the first term in (3.1). If we write
where φ is symmetric, then one finds that the field equations are equivalent to
The 'auxiliary' vector t appears irrelevant but is needed for the action, as shown in [10] in the context of the self-dual case obtained in the limit m − → ∞ for fixed m + . One may verify that the Hamiltonian density associated to the action is positive definite, which implies that the two spin 2 modes are propagated unitarily.
As explained in the introduction, the differential subsidiary constraint ∂ ν φ µν = 0 implied by the equations (3.3) (assuming m 2 = 0) has the general solution (1.18) in terms of a symmetric tensor potential h. Making this substitution in the generalized FP equations (3.3), we arrive at the equations
These are precisely the field equations of the linearized GMG model obtained by adding an LCS term to the parity-preserving NMG model. This guarantees on-shell equivalence of GMG to the generalized FP theory. It does not guarantee off-shell equivalence, i.e. the absence of ghosts, but this was shown in [12] following the canonical analysis used for NMG in [20] .
As also explained in the introduction, one may solve both the differential and the algebraic tracelessness condition by equating φ to the linearized Cotton tensor for a symmetric tensor gauge potential h that is now defined up to the combination of a linearized diffeomorphism and a linearized Weyl transformation. In this way the firstorder self-dual spin 2 equations become the linearized equations of the 4th order NTMG theory [12] . Here we shall use the same procedure to convert the second-order generalized FP equations for spin 2 into equivalent 5th order equations. Specifically, we use (1.22) in the 2nd order equations (3.3) to arrive at the equivalent 5th order equation 5) which is invariant under the gauge transformations
for arbitrary vector field v and scalar field ω. The subsidiary conditions have now been replaced by the gauge-invariant identities
The gauge-invariant action is
This is the quadratic approximation to the 5th order action
which includes (for finite m 2 ) an ELCS term. Note that the linearized Weyl invariance of the linear theory does not generalize to the full theory. Instead one finds a conformal covariance property, explained for NMG in [6] : a scalar density is conformally covariant if the Weyl variation of its integral is the integral of a function times the same scalar density. This is a property of the scalar density |g| K of NMG and it is also a property of the ELCS term. As both these scalar densities have no linear term, their conformal covariance implies a linearized Weyl invariance of the quadratic approximation.
We now have a new 5th order theory for spin 2 but there is no guarantee that neither spin 2 mode is a ghost. We shall investigate this issue in the context of the linearized theory with quadratic action (3.8). The six components of the metric perturbation h µν are determined up to the gauge transformation (3.6) by two functions. We may choose the gauge such that 10) which means that
for two functions (ξ, N). This decomposition can be obtained from that given in [12] (which is a variation of that used in [20] ) by imposing the additional Weyl gauge condition δ ij h ij = 0, and the results for the Weyl-invariant Cotton tensor components are therefore identical to those given in [12] . Here we go directly to the quadratic action, which becomes
In the m 2 → ∞ limit for fixed µ we recover the result of [12] for the NTMG model; the variable N is auxiliary in this limit and its elimination yields an action that propagates unitarily a single mode of mass µ.
If we first divide by the overall factor of µ in (3.8) then we may take the µ → ∞ limit for fixed m 2 to get a 5th order model with the following Lagrangian:
By construction, this is on-shell equivalent to the standard 3D FP model for massive spin 2. However, applying to (3.12) the same procedure of dividing by µ and then taking the µ → ∞ limit we arrive at the 'reduced' Lagrangian 14) which shows that one mode is a ghost. The 5th order model with Lagrangian (3.13) is therefore a much closer spin 2 analog of the EP model than is linearized NMG, so it could be viewed as the linearized version of an "extended Fierz-Pauli" theory. Alternatively, the non-linear theory with action
could be viewed as "extended NMG" (ENMG) theory.
Returning to (3.12) and assuming that µ is neither zero nor infinity, we may define new variables (U, V ) by 16) to arrive at the equivalent action
This is identical to (2.8), which means that the ELCS term leads to ghosts in 3D gravity in precisely the same way that the ECS term leads to ghosts in 3D electrodynamics. We next show how this fact is made manifest in N = 2 3D supergravity.
Higher-derivative N = 2 supergravity
We now aim to embed the action (3.8) into one of linearized N = 2 3D supergravity. Because of the linearized Weyl invariance, we need only consider the Weyl supermultiplet, which consists of the fields {h µν , ψ a µ , A µ }, where the (anti-commuting) RS fields ψ a µ (a = 1, 2) are Majorana spinors. These fields are subject to the following gauge invariances that reduce the number of independent off-shell degrees of freedom to 4 bosons and 4 fermions:
The vector field v µ is the parameter of linearized diffeomorphisms, the scalar fields ω and α are the Weyl and abelian gauge parameters, respectively, and the Majorana spinor fields η a and ζ a are the parameters of linearized S-supersymmetry and Q-supersymmetry, respectively. In the linearized theory, the Q-supersymmetry gauge invariance is independent from the rigid supersymmetry transformations, which are
19)
This result agrees with [12] when account is taken of the linearized gauge invariances. The vector-spinors φ a µ are the (dependent) S-gauge fields; the RS field-strengths are defined as in (1.26). The transformations (3.19) imply the following N = 2 supersymmetry transformations of the conformal field strengths:
20)
Here, C µ a (lin) is the doublet of "Cottino" vector-spinors; as defined for N = 1 in (1.26). Using these transformation laws, one may verify invariance of the action
To check the invariance one needs the various Bianchi identities satisfied by the superconformal field-strengths, the tracelessness of the Cotton tensor and the 'gamma tracelessness' of the Cottino tensors. In agreement with [12] , we see that the CS term of 3D electrodynamics and the LCS term of 3D gravity appear in the same N = 2 invariant. However, the formula (3.21) can now be used to construct a whole family of N = 2 supersymmetric actions.
For each set of fields that transform as in (3.19) modulo linearized gauge transformations of the form (3.18), the action formula (3.21) yields an N = 2 super-invariant. For example, one such set of fields is
To be more precise, these derived objects transform as in (3.19) provided one ignores 'pure-gauge' terms of the form (3.18) (which is justified because they automatically drop out of a gauge-invariant action). To verify this, we first note that ψ
µ in the required way; the candidate for h (1) µν found this way is not manifestly symmetric but this can be remedied by adding field-dependent Q-and S-gauge transformations. Similarly one finds that h
However, the first term can be rewritten as the second term up to a Q-and S-gauge transformation by making use of the identity
Using (3.22) in the action formula (3.21) yields the supersymmetric invariant
This is the N = 2 supersymmetrization of the curvature-squared K invariant of NMG, and is again in agreement 4 with the result of [12] .
At this stage we have merely confirmed the results of [12] for the N = 2 supersymmetrization of the linearized LCS and curvature-squared terms. However, we may now go further by iterating (3.22) to get a new set of fields, again up to pure-gauge terms:
The transformations of these fields are again of the required form, so we may use them in the action formula (3.21) to get a new N = 2 invariant that includes both the ECS and the ELCS terms: This result implies that the ECS and ELCS terms lead to ghosts in precisely the same way since any ghosts must fill out on-shell N = 2 particle multiplets.
It should now be clear that we can construct, by further iteration, any number of still higher-derivative N = 2 invariants. For example, the following set of fields has the required transformations
Substitution into the action formula yields an N = 2 invariant containing the F F invariant of electrodynamics and the square of the Cotton tensor.
Spin 3
Let us start from the first-order self-dual equations for spin 3:
These imply the differential subsidiary condition ∂ µ φ µνρ = 0, which has the following general solution in terms of a 3rd rank symmetric tensor potential h:
where
is the spin 3 analog of the Einstein operator. The tensor G µνρ is a spin-3 analog of the linearized Einstein tensor; it is invariant under the spin 3 gauge transformation
for arbitrary symmetric tensor field ξ. The self-dual spin 3 equations are therefore equivalent to the 4th order equations
The first of these equations implies the second, but only because of the lack of symmetry in its three indices; an alternative equivalent set of equations is
By construction, these equations propagate a single spin 3 mode (and we verify this below). They are the natural generalization to spin 3 of the linearized TMG equations for spin 2. We expect the action to involve auxiliary fields, which we will not attempt to find here. However, it will obviously be possible to choose the overall sign of the action so as to ensure unitarity, and hence a 4th order unitary theory describing a single spin-3 mode.
Before proceeding to other cases, we should mention that a 3rd order action for a symmetric tensor gauge field was proposed in [24] as a spin-3 analog of linearized TMG.
Since the symmetric tensor parameter of the spin-3 gauge transformation was restricted to be traceless, it was possible to find a 2nd order rank-3 invariant tensor analogous to the Einstein tensor, and the equation proposed in [24] is formally the same as the first of the equations (4.6) but with our 3rd order rank-3 tensor G replaced by their 2nd order rank-3 tensor. The resulting equation is derivable from an action, but this (3rd order) action propagates a spin 1 ghost in addition to the desired massive spin 3 mode [24] . As stated above, we believe that the 4th order equations (4.6) are the natural generalization to spin 3 of the linearized TMG equations. There is a further generalization to spin s that we present in the following section.
We now turn to the standard FP equations for spin 3
Solving the differential subsidiary constraint, as in (4.2), we arrive at the 5th order equations
One easily shows that these equations are equivalent to
where 10) which is identically traceless: η νρ C µνρ ≡ 0. A crucial property of both G and C is that they take the form
for self-adjoint matrix operators G and C . This means that the equation (4.9) follows from variation of the action
This is the spin 3 analog of the linearized NMG action for spin 2 and the extended Proca action for spin 1. The construction does not guarantee the absence of ghosts, so we must address this question by other methods. We shall see that one of the two spin 3 modes is a ghost. For this reason, we will not bother to investigate the gauge-invariant formulation of the generalized FP equations for spin 3.
The rank-3 tensor C defined in (4.10) is the spin 3 analog of the linearized Cotton tensor; it is invariant under the spin 3 analog of the linearized Weyl transformation 13) in addition to its invariance under the transformation (4.4), and it satisfies the identities
An alternative expression is
The rank-3 tensor S is the spin 3 analog of the Schouten tensor. Note the explicit symmetrization that is needed in this expression for C, in contrast to the analogous formula for spin 2 in (1.23). The 5th order action
is the "conformal spin 3" action presented in [26] , which has no propagating modes.
As in the spin 2 case, we may also solve both the differential and the algebraic subsidiary conditions by writing
We thus find that the standard spin-3 equations are equivalent to the 7th order equation
This is derivable from the action
We shall show below that this propagates one of the two spin-3 modes as a ghost, so this spin 3 model is analogous to the EP model for spin 1.
The problem of ghosts should not arise in the self-dual limit, in which only one mode is propagated. In this case, we use (4.17) in (4.1) to arrive at the equivalent equation
This is a 6th order differential equation for the gauge potential h, invariant under the gauge transformation 21) for arbitrary symmetric tensor parameter ξ and vector parameter ω. It should be appreciated that this gauge potential is not the same as the one in (4.2); their dimensions are different. The equation (4.20) is derivable from the 6th order gauge-invariant action
We shall verify below that this action propagates, unitarily, a single (spin 3) mode. This is the spin 3 analog of NTMG.
Canonical analysis
We may choose the gauge
In this gauge we may write
where we recall that, by definition,∂
Note the following useful identitieŝ
A computation of the components of the tensor G µνρ yields the result
27)
From this result we find that the components of G µ are
Using these results, one may show that the equations (4.6) are equivalent to 29) which confirms the propagation of a single mode of mass m.
Moving on to the components of C µνρ , we similarly find the result
30)
We see that C µνρ depends on only two linearly independent combinations of the four variables (φ 0 , φ 1 , φ 2 , φ 3 ).
To analyse the Lagrangian (4.12) we need the following results:
We now find that
The first term is zero on using the (ψ 0 , ψ 1 ) equations. This leaves the second term, which propagates two modes of mass m but with one of the two being a ghost, as stated earlier. We see that the on-shell equivalence to the spin-3 FP theory does not extend to an off-shell equivalence.
We now turn to the higher-derivative spin 3 theory with action (4.19). The Lagrangian depends only on the variables (ψ 0 , ψ 1 ):
We thus confirm that two modes of mass m are propagated, but one is a ghost, as stated earlier.
Finally, we consider the action (4.22). We may write its Lagrangian as
To analyse this Lagrangian, we compute
The first equality is obtained by using the identities satisfied by C µνρ . Using this result we have
Eliminating the auxiliary field ψ 0 removes the first term. What is left is a unitary Lagrangian for ψ 1 that propagates a single mode of mass µ. We know that this has spin 3 so (4.22) is a unitary 6th order gauge-invariant action for a single spin 3 mode.
Discussion
Relativistic field equations that are higher than second order in derivatives are typically consigned to the class of "higher-order" equations exhibiting unphysical behaviour, associated classically with negative kinetic energies and quantum mechanically with negative norm states, i.e. ghosts. However, it has been clear for some time, from the example of the third-order "topologically massive gravity" (TMG) [5] , that three dimensional (3D) spacetime allows exceptions, and the recently discovered "new massive gravity" (NMG), and its generalization to "general massive gravity" (GMG) which includes both TMG and NMG as special cases, has shown that there are even fourth-order equations that are free of the bad features usually associated with "higher derivatives" [6] . These gravitational theories are unusual in that they are generally covariant but describe massive spin 2 gravitons.
It was shown in [12] that the linearized versions of these 'massive gravity' theories can be found systematically by solving the differential subsidiary condition in standard second (or first) order 'non-gauge' massive spin-2 field theories of Fierz-Pauli (FP) type, and a "new topologically massive gravity" (NTMG) was also found this way. Here we have developed further this method, starting with a systematic presentation of the 'generalized' FP model for massive spin s and its "self-dual" limit. We used the simpler application to spin 1 to illustrate the method, and this led us to a discussion of models related to the "extended topologically massive electrodynamics" (ETME) of [14] . Because the method only establishes equivalence of linear field equations, there is no guarantee of off-shell equivalence, which amounts to the same as unitarity. This has to be checked by some other method, and a convenient one is the canonical decomposition method used in [14] to show that ETME has ghosts. This method was also used in [20] to verify the unitarity of NMG and in [12] to prove unitarity of (super)NMG; we have made extensive further use of this method here.
Application of these methods for spin 2 led us to a novel 5th order spin 2 theory with a natural extension to an interacting generally covariant massive gravity theory. The 5th order interaction term is found from the contraction of the Ricci and Cotton tensors of the 3-metric. This term can be viewed as a type of Chern-Simons (CS) term and as a gravitational analog of the "extended CS" (ECS) term of ETME. In fact, this is more than an analogy: we have shown that both ECS and ELCS terms are part of the same N = 2 supersymmetric invariant, which also includes the 'square' of the linearized Cottino tensor-spinor. As any ghost modes must form particle supermultiplets in this context, both ECS and ELCS terms lead to ghosts in precisely the same way, as we have explicitly verified. Although it might be considered disappointing that the new model for spin 2 fails to be unitary, we prefer to see this result as an indication of the uniqueness of GMG; there is a limit to higher derivatives if one insists on unitarity and it seems as though this limit is saturated by GMG.
In the spin 3 case, we found a 4th order generalization of the spin-2 equations of linearized TMG. Obviously, these differ from the 3rd order equations, with a weaker gauge invariance, that were proposed in [24] as a generalization of TMG; in particular, our 4th order equations actually do propagate only a single mode of spin 3. We expect the covariant action to require auxiliary fields but if an action exists it will be possible to ensure unitarity by a choice of sign. In contrast, we found that the natural spin-3 generalization of linearized NMG, which is of 5th order, has ghosts. However, we were able to find a unitary gauge-invariant 6th order action for a single spin 3 mode that is equivalent to the first-order self-dual theory for spin 3. This is a spin 3 analog of the NTMG model for spin 2 found in [12, 21] ; as in that case one proceeds by finding the general simultaneous solution of both differential and algebraic subsidiary conditions. For spin 2 this is done by setting the FP field equal to a linearized Cotton tensor for a symmetric tensor potential, and the spin 3 case involves a rank-3 tensor generalization of this tensor. It seems likely that there is a spin-s generalization of this construction: there is a spin-s generalization of the linearized Cotton tensor that involves 2s − 1 derivatives [26] , so we expect the self-dual spin-s theory to be equivalent to a conformal-type gauge theory of order 2s. It is then natural to conjecture that 2s is the maximum number of derivatives consistent with unitarity for spin s.
For any free field theory that propagates a single mode, one may always choose the overall sign of the action (assuming that there is one) such that this one mode is physical rather than a ghost. For this reason, unitarity is not really an issue in applications of our method that start from a self-dual model. It is only when there is more than one propagating mode that there is a potential problem: if there are modes with opposite sign kinetic energy then unitarity is lost for any choice of overall sign. The simplest example is the "extended Proca" (EP) gauge theory which is equivalent to Proca on-shell but not off-shell because one of the two spin 1 modes it propagates is a ghost. One plausible explanation for this feature is that the EP vector potential has opposite parity to the vector field of the Proca theory. In fact, one may see by inspection that in all cases considered here, for arbitrary s, ghosts arise in a model propagating both helicities if and only if the parity of the FP non-gauge field differs from that of the gauge potential. This leads us to conjecture that this is a general feature. In particular, we conjecture that the gauge theory will be unitary whenever the parity of the gauge field is the same as the original FP field. If true, this conjecture would nicely explain the unitarity of GMG, and it could simplify the construction of unitary gauge theories for higher spin.
It is straightforward to take the first step towards a higher-spin generalization of our results. The general solution of the spin-s differential subsidiary condition is for arbitrary rank-(s − 1) symmetric tensor ξ, and it satisfies the Bianchi-type identity This case is of interest in light of our unitarity conjecture because the parity of h is the same as the parity of φ for all even integer spins, and the spin 4 case is the first instance beyond spin 2. Thus, we expect there to exist a unitary 6th order parity-preserving action for spin 4. More generally, we expect there to exist for any even positive integer s a unitary parity-preserving action of order s + 2 that propagates both helicity modes of spin s. The problem is that it is far from clear how to find an action for these equations when s > 2; we would guess that it exists but involves auxiliary fields.
Other possible generalizations are to theories of all higher spins, integer or half integer, as considered for 3D in [26] [27] [28] , and to fractional spin along the lines of [29, 30] . It is also possible that there is some generalization to higher dimension but 3D is special in that the index structure of the independent field is preserved in the process of solving subsidiary conditions. The 4D Proca case illustrates the point: solving the differential subsidiary condition leads to the equation (2 − m 2 )F µ = 0, where nowF µ = ε µνρσ ∂ ν A ρσ for antisymmetric tensor potential A. There is no action for A alone that yields this equation because there is no longer a match between the index structure of the potential and its equation of motion.
